We present the results of a numerical search for periodic orbits with zero angular momentum in the Newtonian planar three-body problem with equal masses focused on a narrow search window bracketing the figure-eight initial conditions. We found eleven solutions that can be described as some power of the "figure-eight" solution in the sense of the topological classification method.
I. INTRODUCTION
The search for periodic orbits in the three-body problem has a long history [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . This work is follow-up of the previous study [11] where a systematic numerical search for periodic solutions was started and some 13 new families of solutions were reported. Here we focus on a particular window in the space of initial velocities bracketing the figure-eight initial conditions (the initial positions are fixed at the so-called Euler point). All eleven periodic solutions that we report here belong to (special) classes that can be described topologically as some power of figure-eight topological class. One of these solutions, one with the seventh power of the "figure-eight", is a choreography.
Choreographies are a special kind of the three-body periodic orbits such that all bodies travel along the same trajectory in the plane, chasing one another around the trajectory at equal time intervals. The first and simplest choreography ever found is the Lagrange solution (1772), in which three equal-mass particles move on a circle, while forming an equilateral triangle. That solution, however, is both unstable and has non-vanishing angular momentum. The first stable three-body choreographic orbit without angular momentum was found by Moore in 1993 [12] . A formal variational existence proof for such solution is given by Chenciner and Montgomery [13] .
A large number (345) of three-body choreographies with non-zero angular momentum has been found by Simó [14] , but they are all highly unstable [15] . In papers [14, 16] , Simó and co-authors have shown several solutions including one choreography that they called "satellites of the eight". These satellite solutions, topologically speaking, might be associated with some power of figure-eight orbit. Here we report the discovery of one new stable, zero-angular-momentum choreographic solution to the planar Newtonian three-body problem with equal masses.
II. DEFINITIONS AND METHODS
Before describing these solutions, we briefly remind the reader about the shape sphere coordinates that we are using for the classification of periodic solutions. (r 1 + r 2 − 2r 3 ), there are three independent scalar three-body variables. The hyperradius R = ρ 2 + λ 2 defines the "overall size" of the system and removes one of the three linear combinations of scalar variables. Thus, one may relate the three scalars to a unit three-vectorn with the Cartesian componentsn = 2ρ·λ R 2 ,
. The domain of these three-body variables is a sphere with unit radius [17] , [18] , see Figure 1 . The equatorial circle corresponds to collinear configurations (degenerate triangles) and the three points on it, Figure 1 correspond to two-body-collision singularities in the potential. The shape sphere together with the hyper-radius defines the configuration space of the planar threebody problem (the "missing" total rotation angle can be reconstructed from the trajectory in this space and the condition of angular momentum conservation).
The "figure-eight" solution can be described as a slalom, i.e. as moving in a zig-zag manner on the shape sphere, between the two-body singularities, while drifting in the same general direction along the equator, e.g. eastward, or westward, see Figure 1 . As a consequence of parity, the number of full turns (the "winding number") around the shape sphere sufficient to reach the initial conditions must be even, and the minimal number is two, which is the case for the figure eight orbit.
There is at least one other known solution, that makes two full turns around the shape sphere, that is stable, but not a choreography: That is Simó's figure eight orbit (labeled by H3 in Ref. [14] ). The question remains: are there any other periodic orbits with a higher winding number? Such an orbit would have to "miss" the initial point in the phase space at each turn before the last one. Again, due parity, the winding number of such a trajectory has to be an even number 2k, k ∈ N. If there are such solutions, then another question is:
are there any choreographies among them? 
B. Topological classification
We use the topological classification of periodic three-body solutions, suggested by Montgomery [19] . Considering a periodic orbit as a closed curve on a sphere with three punctures (the shape sphere with three singularities of the potential), the clasification of closed curves is given by the conjugacy classes of the fundamental group, which is, in this case, the free group on two letters (a, b).
Graphically, this amounts to classifying closed curves according to their "topologies" on a sphere with three punctures. A stereographic projection of this sphere onto a plane, using one of the punctures as the "north pole" effectively removes that puncture to infinity, and reduces the problem to one of classifying closed curves in a plane with two punctures.
That leads to the aforementioned free group on two letters (a, b), where (for definiteness) a For better legibility we denote their inverses by capitalized letters a
Each family of orbits is associated with the conjugacy class of a free group element. For example the conjugacy class of aB contains A(aB)a = Ba. The "figure-eight" orbit is related to the conjugacy class of the element abAB. The aforementioned curves with a "winding number" 2k belong to the conjugacy class of the group element (abAB) k . Orbits of this kind will be called slaloms and the exponent k will be called the slalom power.
C. Search strategy
Here we use the same numerical approach as in Ref. [11] . The return proximity function in the phase space is defined as the absolute minimum of the distance from the initial condition by
where X(t) = (r 1 (t), r 2 (t), r 3 (t), p 1 (t), p 2 (t), p 3 (t)) is a 12-vector in the phase space (all three bodies' Cartesian coordinates and velocities, i.e. without removing the center-of-mass motion), and X 0 = X(0) is 12-vector describing the initial condition. We also define the return time τ (X 0 , T 0 ) as the time for which this minimum is reached. Searching for periodic solutions with a period T smaller then the parameter T 0 is clearly equivalent to finding zeros of the return proximity function.
The initial conditions for both Moore's [12] and Simó's [14] figure eight solutions can be found in the two dimensional subspace of the eight-dimensional three-body phase space with the center-of-mass motion removed, see Fig. 3 . Formally this two dimensional search plane is defined as the set of collinear congurations ("syzygies") with one body exactly in the middle between the other two (the so-called Euler points), and with vanishing initial time derivative of the hyper-radiusṘ = 0 and vanishing angular momentum. In this subspace, all three particles' initial conditions can be specified by two parameters, the initial x and y components,ẋ 1 (0) andẏ 1 (0), respectively, of a single velocity two-vector, as follows,
The differential equations of motion were solved numerically using the Runge-KuttaFehlberg 4.5 method and the return proximity function was calculated using linear interpolation between calculated trajectory points in the phase space. In all our calculations, the particle masses m 1 , m 2 , m 3 and Newton's gravitational constant G were set equal to unity.
III. RESULTS
We focused our numerical search on the (two-dimensional) search window in the two dimensional search plane (defined above) around the " figure- Figure 3 . For each local minimum of the return proximity function lower then 10 −4 (bright dots in Figure 3 ) on this grid we used the simple gradient descent algorithm to find the position of the minimum (root) more accurately. All minima below 10 −6 are listed in Table I and can be seen in Figure 3 . The initial conditions for Moore's "figure-eight" choreography and Simó's "figure-eight" orbit are labeled by M8 and S8, respectively in Table I . All other labeled orbits in Table I are slaloms of power k.
There is a restriction on the slalom power k in the case of choreographic solutions. If a solution is a choreography, the three masses folow each other, with a time delay of T /3, where T is the full period. If one follows a choreography starting with a delay of T /3, one sees the same motion as without that delay, up to a cyclic permutation of three particles [21] .
Algebraically, this can be written as X(t + T /3) =P X(t), whereP is a cyclic permutation.
The cyclic permutationP has a simple representation on the shape sphere, viz. a rotation by 2π/3 around the vertical z-axis. For a choreography the azimuthal angle on the shape sphere after motion through time T /3 will be 2πk/3. Therefore, the slalom power k of any choreography can not be a number divisible by 3 (otherwise 2πk/3 is an integer multiple of 2π, and the net rotation mustnot be 2π/3). All solutions listed in Table I satisfy and rotation angle of ≈ 0.252π radians. The minus sign in the homothety factor λ means that the two trajectories have opposite orientations, or in physical terms, that these two motions are time reversed.
The key feature of this choreography is its stability. The return proximity per period:
where T is period, is calculated up to a thousand periods (i.e. 42000 syzigies) and is shown in All other solutions (O6-O15) have the slalom power k = 17, but demand special attention to determine if they are identical. In Figure 6 we show the period T as a function of the absolute value of the energy ε = |E| for these orbits. The fitting parameter A for the fit shown in Figure 6 with the scaling law T = Aε indicates that all these solutions may correspond to the same orbit.
A careful analysis of passages through Euler points shows, however, that there are seven different k = 17 slaloms. Solutions O6 and O7 correspond to same orbit. This is also the case with O10 and O11, and with O14 and O15. On the shape sphere each of these pairs of solutions has exactly the same trajectory, whereas their real-space trajectories are related by scaling transformations.
D. Geometric-algebraic classification of results
All solutions presented here fall into three new algebraic-geometric classes according to the classification scheme defined in Ref. [11] . There were two different geometric classes defined in [11] : (I) those with (two) reflection symmetries about two orthogonal axes -the equator and the zeroth meridian passing through the "far" collision point; and (II) those with a (single) central reflection symmetry about one point -the intersection of the equator and the aforementioned zeroth meridian. Here, we have found two additional classes: (III) those with reflection symmetries about only one axis -the equator; and (IV) those without any geometric symmetry on the shape sphere.
Similarly, in Ref. [11] orbits were divided according to the algebraic exchange symmetries of (conjugacy classes of) their free group elements: (A) with free group elements that are symmetric under a ↔ A and b ↔ B, (B) with free group elements symmetric under a ↔ b and A ↔ B, and (C) with free group elements that are not symmetric under either of the two symmetries (A) or (B).
We have observed empirically in Ref. [11] that, for all orbits presented there, the algebraic symmetry class (A) corresponds to the geometric class (I), and that the algebraic class (C) corresponds to the geometric class (II), whereas the algebraic class (B) may fall into either of the two geometric classes. 
IV. CONCLUSIONS
In conclusion, as the result of numerical studies, we have found 11 new three-body solutions that can be described as slaloms with powers k = 7, 11, 14, 17. One of these solutions (NC1 = NC2), with k = 7, is a stable choreography. This particular orbit ought to be of special interest to mathematicians interested in rigorous existence proofs of three-body solutions. Other new non-choreographic orbits hold the same general interest as the solutions found in Ref. [11] .
